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ABSTRACT 

Lat t ice-universa l  Orlicz funct ion spaces LF~,~ [0, 1] with prefixed Boyd 

indices are cons t ruc ted .  Namely,  given 0 < a < /~ < c~ arb i t ra ry  the re  

exists  Orlicz funct ion  spaces LF~,t ~ [0, 1] wi th  indices a and  ~ such  t ha t  

every Orlicz funct ion  space LG[O, 1] with  indices be tween a and  /~ is 

la t t ice- isomorphic  to a subla t t ice  of LF~,~ [0, 1]. The  exis tence of classes 

of universal  Orlicz spaces ~F~,~ (I) wi th  uncoun tab le  symmet r i c  basis and  

prefixed indices a and / 3  is also proved in the  uncoun tab le  discrete case. 

1. I n t r o d u c t i o n  

The existence or non-existence of universal spaces inside predetermined classes 

of Banach spaces has been studied intensely in many contexts. For example, 

we mention that  there does not exist a separable super-reflexive Banach space 

universal for the class of all •P-spaces for 1 < p < oc, and that  there is no 

reflexive Banach space universal for the class of all separable reflexive Banach 

spaces ([Bo]). On the positive result side, every separable Banach lattice and 

every rearrangement invariant Banach space is isometrically lattice-isomorphic 

to a sublattice of the Banach envelope of Weak-L 1 ([Lo-P], [Le]). 

In this paper we are interested in finding universal classical separable function 

spaces with prefixed upper and lower estimates. In the setting of Orlicz sequence 
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spaces the existence of universal sequence spaces was proved by Lindenstrauss and 

Tzafriri ([L-T1]) by finding Orlicz sequence spaces gF~,~ with arbitrary prefixed 

indices 1 _< a < /3 < c~, in which every Orlicz sequence space ~a with indices 

between a and/3 is isomorphic to a (complemented) subspace of the space gF~,e. 

Universal Orlicz funct ion spaces on the unbounded interval (0, ~ )  were studied in 

([H-Ru]) showing that the spaces L ~ + L ~ are lattice-universal for the class of all 

Orlicz function spaces La(0,  ~ )  with Boyd indices strictly between a and ~, i.e. 

every space La(0,  c~) is lattice-isomorphic to a sublattice of the space L a -~- L ~. 

The embedding behavior is varied in the extreme cases of spaces with one index 

equal to a or to /3. The methods of proofs make use of some results given 

by Bretagnolle and Dacunha-Castelle ([B-D]), and in the Memoirs of Johnson, 

Maurey, Schechtman and Tzafriri ([J-M-S-T]) and Kalton ([K2]) concerning the 

symmetric structure of rearrangement invariant spaces. 

In the context of function spaces on the probability space [0, 1], the existence 

or non-existence of universal Orlicz function spaces LF[0, 1] with prefixed indices 

has remained open: are there Orlicz spaces LF[0, 1], with indices a and /3, in 

which every other Orlicz space La[0, 1] with indices between a and /3 can be 

isomorphically embedded or even lattice-isomorphically embedded? (cf. [H-Ru] 

page 98). We point out that while isomorphic embeddings of scales of LP-spaces 

for p < 2 into rearrangement invariant spaces on [0, 1] are well-known and ap- 

pear very often (using f.i. Poisson process, cf. [L-T3] Theorem 2.s there is, 

however, a shortage in the opposite case p > 2. Indeed first examples of sep- 

arable rearrangement invariant spaces on [0, 1] containing subspaces isomorphic 

to LP-spaces for different scalars p > 2 have been given in ([H-R2]). This rigid 

and limited behavior in the ease p > 2 is due to the following remarkable fact: 

the existence of an isomorphic embedding of an LP-space for p > 2 into a sep- 

arable rearrangement invariant space E on [0, 1] implies that there exists also a 

lattice-isomorphic embedding of L p into E ([H-K] Corollary 7.4). 

One of the purposes of this paper is to answer in the positive the above question, 

showing the existence of classes of Orlicz function spaces L F~,e [0, 1] with prefixed 

indices 0 < a < fl < ~ ,  which are lattice-universal for all Orlicz function spaces 

with indices between a and ft. Thus the following will be proved: 

THEOREM 1: Let 0 < a < fl < oo. There exists an Orlicz function space 

L F~,e [0, 1], with indices a~176 : a and /3~ = /3, such that every  a-convex  

/3-concave Orlicz function space La[0, 1] is latt ice-isomorphic to a sublatt ice o f  

L F~,~ [0, 1]. 

In particular, the above spaces L F~,e [0 ' 1] contain a lattice-isomorphic copy of 



Vol. 133, 2003 LATTICE-UNIVERSAL ORLICZ SPACES ON PROBABILITY SPACES 11 

LP[O, 1] for every c~ _ p _< 3. The behavior in the boundary indices cases is also 

analyzed. 

Next, we construct scales of universal Orlicz function spaces LF[0, 1] depending 

also on a third parameter 7, between c~ and/3, which gives the u p p e r  inc lus ion  

i n d e x  7~ ~ of the function F at oo, 

log F(x)  _ inf{p > 0:  LP[O, 1] C Lr[0,  1]}. 7~ ~ = lim~_~oosup l o g ~  

This index gives a lower bound for the lattice-isomorphic embedding, since 7~ ~ _< 

p <_/3~ ~ occurs whenever LP[0, 1] is lattice-isomorphic to a sublattice of Lr[0,  1]. 

Thus the universal spaces L F~,~ [0, 1] of Theorem 1 above satisfy 7F,~176 = c~. It 

is known that the set of scalars p's for which an Orlicz space LF[0, 1] contains 

an isomorphic copy of LP[0, 1] is not necessarily a closed set ([H-R2]). Given two 

Orlicz functions F and G, by F -< G at oc (resp. at 0) we mean that there exists 

a positive constant C such that F(x )  <_ CG(x)  for z _> 1 (resp. 0 < x < 1). 

THEOREM 2: Let 0 < ~ < "~ </3 < oo. There exists an a-convex Orlicz function 

space LF~,~,,[O, 1] = LF[o, 1] with indices a~ = ~, /3~ =/3 and 7 ~  = 7 such that  

LF[0, 1] contains a sublattiee lattice-isomorphic to La[0, 1] for every a'-convex 

fl-concave Orlicz function G at oo with c~ < a r <_/3 and x ~ ~ G at oo. 

In particular, every 7-convex/3-concave Orlicz function space La[0, 1] is lattice- 

isomorphieally embedded into the above space L F",e,, [0, 1]. In order to get this 

function space result, we solve first similar questions in the context of uncountable 

discrete spaces. Later on we use some transference arguments and the criteria for 

the lattice isomorphic embedding of Orlicz function spaces into a space LF[0, 1] 

given in ([J-M-S-T] Theorem 7.7) in terms of the associated set y'~F~,I of all the 

Orlicz functions equivalent at oo to a function 

H(x )  = fo  ~ F (x s )  F(---yd.(s) >_ 1) 

where # is a probability measure on (0, oc) satisfying ~ o  F-~d#( s )  <- 1. 

Thus we also study the existence of universal Orlicz spaces gF(I)  with an un- 

countable symmetric basis and prefixed indices. The structure of Banach spaces 

with an uncountable symmetric basis has been studied by Troyanski ([T1], [T2]) 

and Drewnowski ([D]), and the quasi-Banach case in ([H-T]). It has been proved 

in ([H-R2]) that there exist Orlicz spaces eF(/)  with an uncountable symmetric 

basis containing isomorphieally scales of different gP(F)-spaees for uncountable 

sets F C I. Here we prove the following general result: 
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THEOREM 3: Let 0 < a < /3 < c~. There exists an Orlicz space s (I), with 

i n d i c e s  a F ~ , ~  = a and/3F~,~ =/3, such that e F~,~ (I) contains an isomorphic copy 

of any a-convex ~3-concave Orlicz space fG(F) with F C I. 

In particular, these convex functions F~,~ (for a > 1) provide examples of 

universal Orlicz sequence spaces different from those given by Lindenstrauss and 

Tzafriri in [L-T1] (see below Remark 3.3). We also construct scales of universal 

spaces f g ( I )  with a prefixed lower  inc lus ion  i n d e x  7F, between a and ~, where 

7F = liminf logF(x)  _ sup{p > 0 :  s C s 
z-.o log x 

I f /P (F)  is isomorphically embedded into ~F([), where F C I are uncountable 

sets, then aF  _< p ~ "Yf- Hence, the universal spaces gF~,~ (I) above satisfy 

"/v~,~ = /3. In general, the set of scalar p's for which an Orlicz space ~F([) 

contains an isomorphic copy of eP(F), F C I uncountable sets, is not a closed set 

([H-R2]). 

THEOREM 4: Let 0 < a < 7 < /3 < oo. There exists a ~3-concave Orlicz space 

tF~,~.~(I) -- gF(I) with indices a F : a , / ~ F  : /~ and 7F = 7 such that s 

contains an isomorphic copy of s for sets F C I and every a-convex/3~- 

concave Orlicz function G at 0 with a <_/3 r </3 and x "r -~ G at 0. 

In particular, every a-convex 7-concave Orlicz space gO(F) is isomorphicatly 

embedded into the space t F~,~,~ (I) above. The construction of these universal 

Orlicz functions at 0 is carried out with the help of a combinatorial technique 

developed in previous works ([H-T], [H-R1], [H-R2]). We also use the criteria for 

isomorphic embeddings of spaces s into an Orlicz space gF(I) (JR] Theorem 

B, [H-T] Proposition 5): An Orlicz space ~F(I) contains an isomorphic copy of 

s for uncountable sets F C I,  if and only if G E ~-~F,1 where ~F,1 is the set 

of all Orlicz functions equivalent at 0 to a function 

/01  H ( x ) =  dl~(s) ( 0 < x < l )  

where # is a probability measure on [0, 1]. 

The paper is organized as follows. In Section 2 we give some preliminary 

technical Lemmas. Section 3 contains the proofs of the main results in the discrete 

case. Finally, in Section 4 we construct the universal function spaces on [0, 1]. 

The notation is standard and we refer to the monographs ([L-T2], [L-Wa], [N-RI) 

for unexplained definitions. 
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2. Prel iminary results 

In this section we give some required technical results which will be  used in the 

proofs of Theorems  3 and 4. We s ta r t  by recalling two l emmas  s ta ted  in ([H-R2], 

pp. 195-6), which are basic in these constructions.  

LEMMA 5: Given (hi)i~=o a sequence of positive integers with ho -- 1, there 
oo m oo i-1 exist two integer sequences (ki)i=o and ( i)i=o with mi > ki = ~ j = o  mj for 

j = 1, 2 , . . .  and limi--+oo(mi+l - mi) = oo, such that 

O(3 

E f ( n + k i ) = h ~  ( n = 0 , 1 , 2  . . . .  ) 
i=0 

and 
~3 

E f ( k i - n )  <_ ( n + 2 )  2 ( n = 0 , 1 , 2 , . . . )  
i=0 

where f is the function f = y~i~=o ,k[m,,m~+l). 

Notice tha t  in other  form the above l emma  s ta tes  tha t ,  given a sequence of 

posit ive integers (h~)i~176 o with h0 = 1, there exists a set of couples of posit ive 

integers {(mj,  k~)} with mi  > k~ such tha t  for each posit ive integer n: (i) there  

exist precisely h,~ couples (mj, ki) such tha t  mj - ki = n; (ii) there exist at  most  

(n + 2) 2 couples (mj, ki) such tha t  ki - mj : n. 

Given 5 > 0, we consider the sequences (ki) and (mi) const ructed in the 

above L e m m a  5 for the case of the sequence (h~) equal to ([2n~])([ ] denotes the 

integral  par t ) ;  and we define the sequences (ar~) and (~n) by ak, = 2k'5; 6m~ = 1 

for i = 0, 1 . . . .  and o~j : ~ j ,  : 0 in the remaining cases. Then,  using L e m m a  5, 

we have 

LEMMA 6: Given 5 >_ O, there exist two positive sequences (an)n=O and ( ~)n=o 

such that 

oo 1 E an~n+k2-(n+k)5 ~- 1 E Ozn2-bn = o0, -~ < 
n--=O n ~ O  

and 
oo 

E O~n~n-k2-(n-k)~ <- (k q- 2)225k 

n=k 

for every k E N. 

The following result  extends  L e m m a  6 in [H-R2] 
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L E M M A  7 :  Let  g be a positive function on [0, 1] with g(O) = 0 and right- 
! oo continuous at O. Given ~ > O, there exists a sequence o f  positive numbers  (C~n)n= 0 

and an integer ko > 0 such that  

2 
g ( 2 - k )  --~ Z O / n ( ~ n T k 2 - ( n + k ) 6  ~- g ( 2 - k )  ~- 2k~ 

n :0  

for every k :> ko. 

Proof: We app ly  L e m m a  5 for the sequence (hn) = ([2~]) ,  finding the associated 

sequences (ki)i~__o and (mOi~=o . Thus, for every na tura l  n there exist exact ly  [2 ~ ]  

couples (ki, m j )  such tha t  mj --ki = n. Using the right continuity of the function 

g at  0 we find an integer k0 > 0 such tha t  [ 2kag (2 -k ) ]+ l  < [2 ka] for every k _> k0. 

Let us denote  by An the set of the [2 n6] na tura l  numbers  ki t ha t  appea r  in these 

pairs (ki, m j )  with m j  - ki = n, and by A~ we denote the subset  of An given by 

the last [2kag(2-k)] + 1 na tura l  numbers  ki which are in An. 

Let  us show tha t  the set 

Bk = ~.J A~ n Ak 
n : k  0 
n~k  

contains at  most  one element. Indeed, if ki E Bk there exists m j  such tha t  

rnj - ki = k, and hence j > i. Now, if j > i it follows from the construct ion in 

L e m m a  5 tha t  m j - 1  < k < m j ,  hence there is a t  most  a na tura l  j verifying it. 
t 

Let us suppose now tha t  j = i, which means  k = mi - ki = li and ki E A n for 

some n _> k0 with n r k. Then  there exists j / >  i such tha t  n = mj,  - ki. Hence 

n > k. Let  us show now tha t  ki is the first element of An, which contradicts  tha t  

ki E A' n. I f n  m i, k i, I i, a s n > k ,  w e h a v e i '  = - = > i and hence k i, > ki. Thus  

ki is the first element of An. 
' o c  , 2n 5 oo ' We consider now the sequence (a~)n= o defined by a n = if n E [-Jh=o Ah, 

' A~ U Bk we have and o~ n ! ---- 0 otherwise. Since Ak A Uh=ko Ah = 

(X3 
Z t x  .o-(n+k)~ (-~nUn+k~ = Z 2n65n+k2-(n+k)5 

n=0 n c A ~ u B k  

for k _> ko. Hence 

[2k g(2-k)] + 2 
a~(fn+k2 -(n+k)~ _< 2 ~  

rim0 
_< g(2 -k) + - -  

2 

2k6 
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and 
, ~ o-(~+k)a [2khg(2-k)] + 1 

a ,  On+k~ _> 2k ~ _> g(2 -k)  
n : 0  

for every k _> k0. | 

Remark: The  above defined sequence (OZn)n= 1 !  ~ satisfies 0 _< a n' _< an where (an) 

is the sequence considered in Lemma 6. Then  

o~ 

(+) Z -< (k + 2) 2 
n = k  

also holds for every k C N. 

Given e > 0 we consider the associated sequences (ha) and (rni) defined in 
4 cr Lemmas 5 and 6 for 5 = e. Let the sequence (ck) = ( ( k + l ) ) k = l  and M = 

{mi}i%0. For each k E N we denote 

k--1  

Mk = (_hi + k) \  U (M + j ) .  
j = 0  

Let us define the sequence (c . )  by eo = 0, and 

2 ne i f n  E Mo = M,  
a n  ---- 2--neckl = 2-nec-klehn_ k if n E Mk. 

LEMMA 8: Let a > 0, (ca) = ((n + 1)4), and (an) be the sequence defined 

above. There exist positive constants A and B and a sequence (C~n)n~=O of positive 

numbers such that 
('~X5 

A <_ ~ anan_{_ k ~ B 
n~O 

for every k E N. 

Proo~ See ([H-R2] p. 198). | 

LEMMA 9: Let a > O, (Cn) = ((n + 1)4), and (an) be the sequence defined above. 

I f  g is a positive function on [0, 1] with g(O) = 0 and right-continuous at O, then 

there exist positive constants A and B and a sequence of  positive numbers (c~) 

such that 

,~  ( ~ g ( 2  -k+i)  1 ) 
Ag(2 -k)  _< a n o n +  k ~_ B -. ~- 

~=o i=0 2~ci 
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for every natural  k = O, 1 , . . . .  

Proos We proceed in an analogous way to Lemma 7 in [H-R2]. Using above 

Lemma 7 for 5 = e, there exists an integer ko > 0 and a sequence of positive 

number (C~n) such that  

oo oo 

~'~,~+,, > ~ ~'~,,+~2 -('+~)~ > ~(2 -~) 
n = 0  n=(}  

for every k > ko. On the other hand, ~-~=0 Cdnen+k = ~ = 0  ~n+keM, C~en+k. 
Now by using Lemma 7 we have, for k > ko, 

k 

E E 
i = 0  n+kfiMi 

<_ 

< 

w h e r e C  ~ cr 2 < c ~ ; a n d  = ~i---o ~-; 

Z E ' < Oln~n+k _ 

~1 (Do 

E 
i = 0  n = 0  Ci 

k ~ t 2 - - (n+k- i ) e  

Z L O~n6n+k-i ~ - 
i ~ 0  n = 0  

k 1 
i~=0 2iEei (g(2_(k_i)) + 2 

- -  2(k_i) e ) 

k ) ~  C' 
;-~ g(z-k+i + 2k--; 

i = 0  

i = k + l  n+kEMi 

C~t~ 3n+k-.___.-.~i 2-(n+k-i)e 
2levi 

i=k+l n 
o~ 

< Z (i- .k + 2)~o.~_ _ ~) 
- T~ci 

i = k + l  

~ C" 1 ( i - k + 2 )  2 < 1 ( i + 2 )  z < 2 i~ 

-< ~ 2~ e~ - ~  c~ - 
i - - --k+l  i = 1  

which concludes the proof, since we can replace the constants in order to get the 

inequality for every k > 0. | 

Given e > 3 > 0, we consider the sequence (en) defined by eo = 0, and 

{ 2  -n'~ if n C M = Mo 
en = e-k2 -(n-k)3 = C-k2-(n-k)53n_ k if n E M k 

where c = 2 ~ > 1. 
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LEMMA 10: Let c > 6 _> 0 and (Cn) be the sequence deBned above. If  9 is a 
positive function on [0, 1] with g(O) = 0 and right-continuous at 0, then there 

exist positive constants A1 and B1, and a sequence of positive numbers (a'n) such 
that 

Alg(2-k) <-- E O/nEn+k <- B1 2i ~ + 
n ~ O  

for every natural k = 0, 1, 2,.. . .  

Proof: Using Lemma 7 we have, for k _> ko, 

z ' z ' z e~nEn+k > anCn+k = a~(in+k2-(n+kV > g �9 
n-~O n T k E M  n=O 

o o  
On the other hand, ~ = o  a~en+k = ~i=o E n + k 6 M i  a n e n + k "  Now 

k k oo ,,~t ,~ 9 - ( n + k - i ) 6  

- -  2ie 
i=0 n+k6Mi  i=0 n----0 

k 
2 

-< E ~ (g(2-k+i) + ~ )  
i=O 

a 2 c~ < Z 1 ~l~-k+i) ~ 1 
-- ~ T Y ~  + ~ 2i(~_~1 

i=O -= 

k 9(2_k+i) C' 
= Z 2is + 2k--~ 

i----0 

where C' is a positive constant; and, using (+), we have 

-- 2ie 
i = k + l  n+k6M i  i = k + l  n-~O 

~-~ 1 
< _ ~ ~ - ( Z  --  k + 2)22 (i-k)'~ 

i = k + l  

= ~ (J + 2) ~ 2~ 
2(k+J)E 

j----1 

~ _ _  C" = 1 ( j + 2 )  2 < 

2k~ 2j(e-6) - 2k,~- 
j = l  

Hence, there exist positive constants A~ and Bx such that 

(1 / 1) 
Alg ~-g <_ O/nen-t-k < B1 + 

,~=o - ~ ~ ~ 
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for every natural k. | 

Isr. J. Math. 

3. Disc re te  spaces 

We are now in a position to prove the existence of spaces (F(I)  with prefixed 

indices, which are universal for all Orlicz spaces gG(I) with indices between a 

and/3. 

THEOREM 11: Let 0 < (~ < ~ < oo, There exists an Orlicz space ~F",~(I) 

gF (I), with indices aF ~- a and/3F = /3, such that ~F (I) contains an isomorphic 

copy of any a-convex ~3-concave Orlicz space gG(F) with F C I. 

Proo~ We can reduce to consider the case a = 1 < /3 = 1 + s  for ~ > 0 

using the convexification properties of the sets ~g,1  (cf. [H-R1] p. 170). Let 

(Sn) be the sequence considered in Lemmas 8 and 9. If f is the function f = 

~-~nC~=0 ~n)C(2-(~+~),2-~], we define oil [0, 1] the function 

/0 F(x)  = f ( t )d t  -- Cnk(2-(~+l) 2-~]. 
n=O 

First we consider the case of G a strict 1-convex Orlicz function at 0, i.e. when 

G has the representation G(x) = fo  g(t)dt, for g the right derivative of G, and g 
is a non-decreasing right-continuous function with g(0) = 0 and g(t) > 0 for t > 0 
(cf. [Li]). Then, by Lemma 9, there exists a sequence (a~) of positive numbers 

and two positive constants A and B such that for 1/2 TM < x <_ 1/2 k we have 

( 1 ) ~~176 c~' r ~ (2~)  ( /~0g(2-k+i )  1 ) Ag(x) <_ Ag .~ < A.~ n ~n+a = a~nf < B - - +  
n = 0  n = 0  - -  - -  2ieCi ~ - ~  ' 

and 

hence 

i=O i=O i=O 

--n=0 -- i=0 2e(i+1)c~ + xe 

for 0 < x < 1. Then, by integration and the Beppo-Levi Theorem we have 

AG(x)  <_ a~2nF ~ <_ 2~B 
n = 0  i=O 

G(2i+lx) xl+ ~ ) 
2(i+1)(1+~) -~ (1 + ~---~ 
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for 0 _< x < 1. Now, by the (1 + e)-concavity of the function G at 0, there exists 

a positive constant  C such that  G(rx) <_ CrO+~)G(x) for r > 1 and 0 < x < 1, 

which implies tha t  

G(2i+tx)  < G(x)C 
i=o 2(i+l)(l+e)ci - ~=l " 

Hence we deduce tha t  there exist positive constants  A1 and B1 such tha t  for x 

near 0 we have 
oo 

A1G(x) < EC~'n2nF(x) <_ B1G(x). 
n = 0  

Thus, if p is the discrete probabil i ty measure on [0, 1] defined by #(2 -'~) = 

c~ '2nF(2 -~)  we have tha t  the flmction G is equivalent at  0 to the function 

G(x)= fol ~ d # ( t ) ,  

hence G e EF ,1  and, using ([R] Theorem B or [H-T] Proposi t ion 5), we conclude 

tha t  f F ( I )  contains a subspace isomorphic to ca(r) for every set F C I.  

Let us consider now the case of the convex function G non-strict  convex, i.e. 

when g(0) > 0. Then  G(x) is equivalent to the function x at 0. Now, by Lemma 
OL oo 8, there exists a sequence of  positive numbers ( ,~)~=0 and two positive constants  

A and B such tha t  
oo 

A ~_ E OZns <- B 
n = 0  

for every k E N. Hence for 0 < x < 1 we have 

oo 

z A_< a n f  ~ -  _<B 
n = O  

and, by integration and the Beppo-Levi  Theorem, we deduce 

n = 0  

for 0 < x < 1. It  follows tha t  x E Y~-F,1, hence f F ( I )  contains also an isomorphic 

copy of gl(r) for F C I .  

Let us show now tha t  the indices of F are ctF = 1 and /~F = 1 + e. To prove 

a F  = 1 let us first check that  

2qnu(2-m-n) 
SUPm,n F(2  -m)  = oc 
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for every q > 1. Since 
o o  

~m+i 
2i+1 , 

i=0 

for m = mi - n > mi-1 we have 2m+nF(2 - '~-~)  _> r and 2"~F(2 -m) <_ 

~m + em~ with 
E m 2 - m e  
Zm---~i -- 2 -m ' eCk l  Sn-k  = 2ne ck l  Sn-k  -+ 0 

for i -+ c~ and n fixed. Then 

2qnF(2-m-n) ~ 2qnF(2-m-n) 
SUPm F(2 -m) _> 2 "(q-l) and SUPm,n F(2 -m) -cx~. 

On the other hand, for q < 1 we have 

2qnF(2 -m-n) 
supm,~ F(2 -m) < cc 

since 

sup 
m 

2qnF(2 - n - m )  

F(2-m) 

for some constant C > 0. 

i=0 ~m+n+i 2i+1 - -  sup 2 (q-1)n ~-~or 1 
1 

rn Ei----0 s 2~+l 

~ C2 (q-1)n < O0 

Finally, let us show that r = 1 + ~. By using ~m (-- 2nr for m, n E N, 

we have 
2- Y(e -m) E %o 2 -7-gr- < Cn2 n~, 

E %o - 
which implies that /3F _< (1 + ~). Conversely, we consider m = mi < mi+l - n; 
then 2mF(2 -m) _> am/2, and 

2(m+")F(2 -m-n) _< (s _< ~t2-~nCm, + r )" 

Hence, since 

for i -+ cr we deduce 

which implies that [3F 

proof. | 

Cmi+l __ 2-z(mi+l-mi)  _.+ 0 
Erni 

2 - " F ( 2  -m) 1Un 
sup,~ Y ( 2 - , ~ - - )  > 4 ' 

_> (1 + ~). Hence /~F = 1 + a and this concludes the 
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Remark 1: Note that the above constructed universal spaces eF~,~(I) with in- 

dices a and /3 are neither/3-concave nor a-convex. In general, it holds that  a 

p-convex (resp. p-concave) space X with an uncountable symmetric basis contain- 

ing an isomorphic copy of ~P(F), for uncountable sets F C I,  must be X - gP(I). 

This follows from the impossibility of embedding isomorphically ~I(F) into X for 

X different from ~i(i)  (Troyanski [T1]). 

The c~-convexity or the/3-concavity conditions of the space ~G(F)(I) in The- 

orem 11 cannot be removed. For instance, if G(x) := Fa,z(x)/I logx I at 0, then 

the space gG (F) has indices aG = c~ and/3G ----/3 but it cannot be isomorphically 

embedded into the Orlicz space ~P~.~ (I) for uncountable sets F C I. 

Remark 2: Notice that there is no uniqueness up to isomorphism of the uni- 

versal space in the above theorem: We can construct, using the same method, 

an uncountable family of (non-isomorphic) Orlicz spaces e F(~) (I) with indices 

a and/3 such that each space ~ F(~) (I) is universal for the class of all a-convex 

/3-concave Orlicz spaces ~a (I). For instance, consider the family of universal func- 

tions F (a) p(a) for a > 4, defined through Lemma 8 for the weight sequences 

(cD = ((k + 1)a). 

The above universal Orlicz function Fa,z with indices a and/3 at 0 is a maximal 

function inside the class of all Orlicz functions G at 0 with indices a < aG <_ 

/3a </~ endowed with the order relation H < G if and only if H E ~-~a,i" 

Remark 3: Theorem 11 provides also new examples of universal Orlicz sequence 

spaces e F~,~ = gF with prefixed indices a and/3, which are different than Lin- 

denstrauss and Tzafriri's examples ([L-T1], cf. [L-T2] Theorem 4.b.12). Indeed, 

for every a-convex/3-concave Orlicz function G at 0 we have G E EF,1 C CF, b 

SO the Orlicz sequence space e G is isomorphic to a subspace H of ~F (using [L- 

T2] Theorem 4.a.8). And, since this subspace H is generated by one vector in 

g g  it is uncomplemented in ~F always so that the function G is not equivalent 

to F at 0 (cf. [L-T2] Theorem 3.a.9). This contrasts with the behavior of the 

universal sequence spaces gv given in [L-T1], where each space ga is isomorphic 

to a complemented subspace of gv (since each function G G Eu) .  

The universal Orlicz sequence spaces e U~,~ - e v constructed in ([L-T1]), in 

the particular case of choosing conjugate a and/3, i.e. 1/a + 1//3 = 1, provide 

examples of sequence spaces with a symmetric basis, different from ~2, which are 

isomorphic to their own duals (~v),. In the uncountable case, this cannot be done 

at all with the universal spaces eF(I) due to the uniqueness of the uncountable 

symmetric basis (Drewnowski [D]). 
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We pass now to cons t ruc t  scales of universal  spaces gF(i) depending  also on a 

th i rd  p a r a m e t e r  3', be tween a and/3 ,  t ha t  will give the  associa ted  lower inclusion 

index ? g ,  

7F = l i m i n f  l o g F ( x )  _ sup{p > 0 :  gP(I) C gF( I )} .  
~-~0 log x 

Recal l  t ha t  if gP(F) is i somorphica l ly  embedded  into gg(I) for F C I uncountable ,  

then  aF <_ p < 7F < ~F. Notice t ha t  the  universal  spaces gF~,~ ( I )  cons t ruc ted  

in Theo rem 11 sat isfy 7F~,~ = /3. 

THEOREM 12: Let 0 < a < 7 < /3 < oo. There  exists an ~3-concave Orlicz 
space gF~,~,~ (I) -- gV(I) with indices ag = a, /3F = /3 and 7F = 7 such that 
gF(I) contains an isomorphic copy of f a ( F )  for sets r C I and every c~-convex 
/3~-concave Orlicz function G at 0 with c~ <_ ~ </3 and x ~ -< G at O. 

Proof'. We can reduce to consider  the  case a = 1 < 7 = 1 + 5 < / 3  = 1 + e for 

0 < 5 < e. Let  ( c , )  be the  sequence considered in L e m m a  l0  and we define the  

functions f and  F on [0, 1] by 

f0 f=~- -~enX(2- (~+ l ) ,2 -~ l  and  F ( x ) - -  f(t)dt.  
n----0 

Fi r s t  let  us assume tha t  G is an s t r ic t  convex Orlicz funct ion at  0, so G(x) = 
fo  g(t)dt and  g(t) is a non-decreas ing r ight  cont inuous funct ion wi th  g(0) = 0 and  

g(t) > 0 for t > 0. Then,  by  L e m m a  10, there  exists  a sequence (C~n) of posi t ive  

numbers  and  posi t ive  cons tan ts  A and B such t ha t  for 1/2  k+l < x < 1/2 k we 

have 

Ag(x) < Ag <_ c~n+k  = ( ~ f  
n : O  n ~ O  

_< B 2i ~ + , 
i=0 

where 

Hence 

zk =  g/2 +lx/ g (2 i -k )  < : . < = . 

2r - 2~ - 2~ 
i = 0  i = 0  i = 0  

Ag(x) <_ E ~ ~ ~ B z..., 2ic + 26 x~ 
n = 0  i = 0  

for 0 < x < 1. Then,  by in tegra t ion  and the  B e p p o - L e v i  Theorem we have 

AG(x) < ~-~ c~, 2 n F ( x ~  < B (  ~._o 2EG(2~+Ix) 2 ~ x 1 + ~  
- ~ \ 2  ~ ] - 2 ( i + : 1 ( 1 +  ~1 + 1 - - - ~ - ~ ]  
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for 0 < x < 1. Now, by the (1 + e ' ) -concavi ty  of the function G at 0, for 

0 < e' < c, there exists a positive constant  C such tha t  G(rx) <_ Cr(l+~')G(x) 

f o r r > l a n d 0 < x < l .  Thus 

~ G ( 2 i + l x )  ) ( ~  1 ) 
E 2(i+l)(l+e) ~ C'G(x 2(i+l)(e_# ) , 
i=0 " i=0 

and using tha t  x "y = x 1+~ <_ CG(x),  we deduce tha t  there exist positive constants  

At and B~ such tha t  for x near 0 we have 

oc 
_< < 2 n F  < A1G(J') E ( 2 )  - BIG(x)" 

n=0 

And this implies, by ([R] Theorem B or [H-T] Proposi t ion 5), tha t  gF(I)  contains 

an isomorphic copy of ga(F)  for every set F C I .  

The case of the function G a non-strict  l -convex function, i.e. when the function 

G is equivalent to x at  0 so ga(F)  = gl(F),  can be obtained in a similar way as 

in Theorem 11 using now Lemma 3 of [H-R2] instead of Lemma 8. 

We can compute  tha t  the indices are CtF = 1 and /3F = 1 + e by reasoning 

as in the proof  of Theorem 11. Since 2 ~ F ( 2  - ~ )  r-,oo ~e ./2 i+t~ and the Z~i=0 t, m+~/ ) 

sequence (era) satisfies now em _< 2n~em+,~ for m, n C N, we have 

E / : 0  Cm+l 2-nF(2 -m) ~ 21+i 
F ( 2 - , ~ - ~ )  00 < 2 n~, E i : o  ~ m + n + z  - -  

which implies tha t  the function F is (1 + e)-concave at 0. 

Finally, let us show tha t  7F = ? = 1 + 5. Since 

we have tha t  

2re'F(2 -m') > e . ~ / 2  = 2 - m ~ / 2  

limsup ~ _> 2 -(I+~). 
n 

On the other hand, we have 

o* ~ 2_(n+k)5 
2~F(2 - " )  = V "  Cn+k < E 

2 k + 1  - -  2k+1 
k=O k=O 

<_ 2_n5 1 
( 2  - 

hence l imsupn ~ < 2 -(1+5). Thus 7g  = 1 + 5 = 3', which concludes the 

proof. | 
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Remark: The condition x ~ -< G at 0 always holds when the Orlicz function G 

is 7-concave at 0, or when G satisfies 

log G(x) 
5c = lim s u p -  < 7- 

x-~o log x 

Indeed, since 7G <_ 5G < 7, there exists p with 5G < P < 7- Then  x ~ <_ x p <_ 

CG(x)  for 0 < x < 1 and some positive constant  C. 

Notice tha t  the condition x 7 -< G at 0 does not imply in general any q-concavity 

of the Orlicz space gG(F), i.e. the Orlicz function G may fail the A2-condit ion at 

0 (cf. [K-R]). 

4. F u n c t i o n  s p a c e s  

We show now classes of lattice-universal separable Orlicz function spaces on [0, 1] 

with prefixed indices, using the previous results in the discrete case. Recall tha t  

for Orlicz function spaces the Boyd indices estimate also the grade of p-convexity 

and q-concavity of the space (cf. [L-T3] p. 139, [M]). 

THEOREM 13: Let 0 < m < f < c~. There exists an Orlicz function space 

L F~,~ [0, 1] - LF[0, 1], with indices m~ = m and f ~  = f ,  such that every m- 

convex f-concave Orlicz function space LG[0,1] is lattice-isomorphic to a 

sublattiee of  LF[0, 1]. 

Proof: Let 0 < m < f < r < ec. We consider mr = r - f  and fir -- r - r e .  

It  follows from Theorem 11 tha t  there exists an Orlicz function Fr with indices 

at  0, mF~ -- mr, and fF~ = f r  such tha t  gFr(I)  is universal for the class of all 

mr-convex and f r -concave  Orlicz function at  0. Now for every Orlicz functions G 

under the hypothesis  of the theorem we define the function Gr(x)  :=  xrG(1 /x )  

for 0 < x < 1. Then  the function Gr is equivalent at  0 to an mr-convex and 

f r -coneave function. Hence there exists a probabil i ty measure #G~ on [0, 1] such 

tha t  the function Gr,  defined by 

1 Fr(xt)  d . .  
 r(x) = fo 

for 0 < x < 1, is equivalent to the function Gr at 0. Since r > fir we can assume 

w.l.o.g, tha t  Fr(xt)  >_ xrF( t )  for 0 <_ x , t  <_ 1. 

We consider now the non-decreasing function F(x)  = xrFr(1 /x )  for x __. 1. We 

have the indices a ~  = r - f r  = a and f ~  = r - mr = f ,  and the function G, 

defined by G(x) = xrGr(1 /x ) ,  for x _> 1, satisfies 

5(x) = f F(xt) F(t)  dp(t) (for x_> 1) 
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where # is a probability measure on [1, + ~ )  given by #(t) = Pa~ ( l / t ) ,  and 

is equivalent to the function x~'G~(1/x) = G(x) at oc. Thus f o  du(t)F(t) < oo and 

G e ~ F ~ ,  so by ([J-M-S-T] Theorem 7.7, cf. [H-R21) we conclude that  the space 

LF[0, 1] contains a sublattice lattice-isomorphic to La[O, 1]. | 

Remark 1: Note that  the above universal function space L F~,~ [0, 1], with indices 

a and/3, is neither a-convex nor /3-concave. In general, if a p-convex (resp. p- 

concave) rearrangement invariant function space X on [0, 1] with non-trivial con- 

cavity contains a sublattice lattice-isomorphic to LP[O, 1], then X[0, 1] _-- LP[O, 1]. 

This follows from Theorem 3.2 of Kalton in ([K1]) and Theorem 7.7 in [H-K]. 

The a-convexity or /3-concavity of the Orlicz function space La[0, 1] in the 

hypothesis of Theorem 13 cannot be removed. For instance, the function G(x) :---- 

F~,~(~) at oo has indices a ~  = a and ~ = ~ but the space La[O, 1] is not log(l+x) 
lattice-isomorphic to a sublattiee of L F~,~ [0, 1]. 

Remark 2: In the case 1 < a </3 < 2 the above Orlicz function space L F~,e [0, 1] 

= LF[0, 1] with indices a and/3 is also universal for the class of all Orlicz function 

spaces La(0,  oc) defined on the (0, oc)-interval with Boyd indices strictly between 

a and 2. Indeed, LG(0, oo) is isomorphic to a subspace of L~+  L 2 for a < r < 2, 

which is isomorphic to L~[0, 1] and hence embeds isomorphically into LF[o, 1] (cf. 

[J-M-S-T] Theorem 8.6, [H-Ru]). 

The universal spaces LF~.~ [0, 1] cannot be isomorphically embedded into the 

space L ~ + L z for 1 < a </3 < ec. This follows f.i. from Theorem 1.d.7 in [L-T2] 

in the case 1 < a < 2 and from Theorem 4.2 in [H-K] for a > 2. 

Remark 3: If, via symmetrization, we follow the arguments used in ([L-T1]) 

in the construction of universal Orlicz sequence spaces in order to define Orlicz 

function spaces on [0, 1], we obtain function spaces LF[o, 1] which are universal 

only for some classes of Orlicz sequence spaces (cf. Ruiz [Ru]). 

Finally, we present scales of universal function spaces LF[o, 1] depending also 

on a third parameter 7 between a and/3, which gives the upper inclusion index 
~/~, 

7 7  = l imsup log F(x)  _ inf{p > 0 :  LP[O, 1] C LF[o, 1]}. 
~ log x 

If LP[0, 1] is lattice-isomorphic to a sublattice of LF[0, 1] then 7 ~  _ p _< /3~. 

Notice that the universal spaces LF~.~[O, 1] constructed in Theorem 13 satisfy 

F~,~ ~O~. 
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THEOREM 14: Let  0 < a < 7 < fl < oo. There exists an a-convex Orlicz 

function space LF~,o,~[O, 1] -- LF[o, 1] with indices a ~  = a , / 3 ~  = [3 and 7~ = 7 

such that  LF[o, 1] contains a sublattice lattice-isomorphic to LG[O, 1] for every 

a ' -convex ~3-concave Orlicz function G at oo with a < a' </3 and x ~ -< G at oo. 

Proo~ Let 0 < a < 7 < /3 < r < co. We consider a r  = r - / ~ ,  /~ = r - a ' ,  

/3~ = r - a,  and 7~ = r - 7, and using Theorem 12 we find a/3~-coneave Orlicz 

function Er with indices at 0, aF~ = a~, /3F~ = /3~ and 7F~ = 7r. Now given 

an Orlicz function G at oc under  the hypothesis of  the theorem, we consider the 

function defined at 0 by G~(x) = x rG(1 /x ) ,  which is a~-convex and 9'r-concave 

at 0 and x ~ <_ CGr(x )  for 0_< x < 1. Then, by Theorem 12, there exists a 

probabil i ty measure ttcT on [0, 1] such that  the function G~ (x) defined by 

fo 1 F~ dtta~(t) (0 < x <_ 1) G~(x) = Fo(t) 

is equivalent to the function G~ at 0. 

Let us consider now the function F ( x )  = x"Fo(1 /x )  for x _> 1. We have that  

a ~  = r - ~ = a,  7 ~  = r - 7~=7 a n d / 3 ~  = r - a~ = / 3  and tha t  the function F 

is equivalent to an a-convex function at oo. Now the function G(x) :=  xrG~(1 /x )  

for x > 1 satisfies 

f l  ~176 F ( x t )  , G(x)  = ~ ( t )  dp(t)  (for x > 1) 

where # is the probabil i ty measure on [1, oo) given by #(t) = #a~( I / t ) ,  and 

is equivalent at  oc to the function x"G~(1/x )  = G(x) .  Thus, by ([J-M-S-T] 

Theorem 7.7), we conclude tha t  LF[0, 1] contains a sublatt ice latt ice-isomorphic 

to LG[O, 1]. | 

Remark:  The condit ion x ~ -< G at oo holds when the Orlicz function G is 

7-convex at cx~ or when G satisfies 

7 < 5 ~  = lira inf log G(x) 
z-~oo log x " 

Indeed, since 7 < ( ~  _< 7 ~ ,  there exists p with 3' < P < 69 .  Then x ~ < x p <_ 

CG(x )  for x _ 1 and some positive constant  C. 

Notice tha t  the condition x ~ -< G at cc does not imply in general any q- 

convexity of the space La[0,  1] (cf. [L-T3] p. 140). 
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QUESTION: We do not know whether for any Orlicz function space LF[o, 1] the 

set o f  scalars p for which LP[0, 1] is lattice-isomorphic to a sublattice of  LV[O, 1] 

is a convex set. 
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